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Quantum corrections to dilute Bose liquids
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It was recently showfA. Bulgac, Phys. Rev. LetB9, 050402(2002 ] that an entirely new class of quantum
liquids with widely tunable properties could be manufactured from bosons, fermions, and their mixtures by
controlling their interaction properties by means of a Feshbach resonance. Since the quantum fluctuations in
this regime could, in principle, destabilize these objects, we extend the previous mean-field analysis of these
quantum liquids by computing the lowest-order quantum corrections to the ground-state energy and the deple-
tion of the Bose-Einstein condensate and by estimating the higher-order corrections as well. We show that the
guantum corrections are relatively small, do not lead to the destabilization of the droplets and are controlled by
the diluteness parameten|a|3<1, even though strictly speaking in this case there is no low density expan-
sion.
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Among the quantum fluids observed so far, orile,  two-body attraction and of the three-body repulsion are to a
“He, and atomic nuclei are self-bound/liquid systems. It issignificant extent under experimental control, the basic prop-
very likely that this relatively short list could become ex- erties of these new quantum liquids are widely tundBle
tremely long by the addition of boson droplgisoselets, In Ref.[1], the basic properties of this new class of quan-
fermions dropletgfermilets, and their mixturegferbolets  tum fluids were established in the mean-field approximation.
[1], which owe their existence to the possibility of tuning It is not at all obvious that quantum fluctuations could not
two-atom interactions and to some unusual properties of thelestabilize a boselet. It is generally expected that the mean-

three-body System. field approximation is rather accurate for dilute systems
~ It was predicted about ten years afiy] and was con- [9_11]. Under normal circumstancesvhen a>0 and a
firmed experimentally about five years aff) that by im- ~y "t is sufficient to take into account only the binary

mersing atoms in a magnetic fiefend, in principle, in elec-  4iom-atom collisions and the effects of quantum fluctuations,
tric or laser fields as well one can alter essentially at will \;pereas the triple atom and higher collisions are rather small

the scattering length between two atoms. Under such cir- :
- ; L efea®< -11].
cumstances, it is possible to create a situation where the sc nd controlled by the diluteness paramefer”<1 [9-11]

tering length is negative and significantly larger than the in- he regimea<0 was considered until recently as intrinsi-
teraction radius. In the regime where the magnitude of thgally unstable towards collapse, unlgss the number of bosons
scattering length is much larger than the typical scale of° smaller_than abput 1500 or soin a tr_@lZ]. In the
atomic interactions o, the three-atom system exhibits some SPecific Efimov regime, we are interested in the fact that the
very unusual and interesting phenomeias]. The three- tWwo-body scattering amplitude is larga<0,/a|>ro), but
body observables depend on a new saajewhich is not the threg—body amplltude is even larger. Even thou.glj the
determined by any two-body observable. In the language ofystem is dilute with respect to the two-body collisions
effective field theory, this corresponds to the fact that a threetn|a|><1), it is not obvious that diluteness with respect to
body force appears at leading order of the low-energy exparihe three-body collisions is achieved and one might suspect
sion [6]. Also, the three-body observables are periodic functhat the mean-field approximation could be violated. It is
tions of In@/ag) and the three-particle scattering amplitude imperative tolunderstand the character and t.he magnltude of
can be made arbitrarily large by fine tuniagBy choosinga these corrections to the ground-state properties in the case of
negative, large|@|>r,), and with a three-body bound state these new quantum I|qL_uds an_d_ determine whether quantum
close to the threshold, a rather unique situation is createdtuctuations can lead to instabilities. One can naturally expect
Two low-energy atoms experience an effective attraction, bufhat such effects would perhaps manifest themselves particu-
at the same time three atoms will experience an effectivéarly strongly in the case of bosons and less so in the case of
repulsion. This situation is very well understood theoreticallyfermions. For this reason, we shall focus our attention here
and it is known as the Efimov effept,5]. A large ensemble 0N Bose systems only. _ _

of such atoms can condense in the same way as water drop- We start with the Lagrangian density

lets condense from vapor. Since such condensation can occur
for any atom species for which a Feshbach tunable resonance
exists, an entirely new class @bose, fermi, or mixtures - . 92
qguantum liquidg7] can be created. Their equilibrium density L+ pN= '//T(Iﬁ at * 2m Y= 7¢T¢Tw¢
is determined by the interplay between the two-body attrac-
tion and the three-body repulsion between particles in the
Efimov regime described above. Since the magnitudes of the
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where ' and ¢ are the creation and annihilation operatorsticle number density i;i= ¢> and the energy density and
for a boson,u is the chemical potential, and the coupling chemical potentiadetermined by imposing the condition

constants are (¥y=0) are given by
Anh?a E= %n% %n3, (5)
92= m_ 2
dé O3
p=——=gon+ —-n% (6)
_127Tﬁ2a4 dotdot I'( | a N m\| 6mwh2a® dn 2 2
9s= 1@t Sl T S T T ' In writing down the contribution quadratic ig's in Eq. (4),

(3)  we have implicitly taken into account the conditié®). At
equilibrium/zero pressureP(=nd&/dn—£=0), the values

Here, a is the two-body scattering length asg~1.006 24. for thel particle nu_mber density, energy density, and chemical
d, andd,<0 are universal constants, whose numerical valPotential are easily determined to be
ues have been determined recentl]. The values of the 1 1
coupling constant are determined by considering the scatter-
ing of two and three particles at zero momentway.is the
value of the two-body scattering length for which a three-
body bound state has exactly zero energy. Urdikgands,, n?

No=— —, 7
0 |a|3Y ( )

the parametea; is system dependent and is also a genuine €0= poNo=~ ma Y o ®
three-body characteristic. The rest of the symbols have their

usual meaning. We have introduced a new dimensionless de & w2

quantity Y>1 in Eq.(3), which will prove very convenient o= gn T T oY 9)
in power counting. We will only use the Lagrangian in Eq. n=ny 0 ma

(1) _fgr particle momenta much S“.“a”ef thafjal SO that it is otice that only at equilibrium, the chemical potential be-
legitimate to subsume the complicated dynamics on the scalg) 1as equal to the energy per,particle see(B).The tree

fla, leading to the Efimov effect into a contact three-body|eyel/mean-field approximation is valid when the system is
interaction. We show bf/low that the typical !opp momentagiyte, which holds as long a¥>1. At and near equilib-

are of orderQ~#/(|a|Y*?)<#/|a|. More precision can be rjum, the contribution of the two-body and three-body colli-
systematically attained by including terms in Hd) with  sjons are comparable in magnitude. The three-body collision
more derivatives or fields, but their effect is strongly sup-term, which in dilute systems is typically negligible, is im-
pressed. As we mentioned above, the interesting regime isortant in this case because the three-particle bound state is

wheng,<0 andg;>0 [1]. close to the threshold and the particles are in the Efimov
Since we are interested in the condensed state of a systemagime.
of bosons, it is natural to split the field into a classical ¢ From the Lagrangiari4), we can determine the normal

numbey condensate and the fluctuationg: ¢— ¢+ ¢. (¢ ~ and anomalous propagators for the Bogoliubov quasiparticle,
can be chosen real in this castn terms of the new vari- Which can be conveniently represented as a matrix:

ables, the Lagrangian density becomes 52K2
1 w+ % +Xx X
1 4 1 6 2 T Dy= 21,2 ’
L+pN==502¢0"— =03+ nd“+ d(y+y') w’— w? ok
2 6 K —X —owot+t—-—+x
2m
O3 1 (10
X ﬂ—92¢2—7¢4)+§(l/ﬁ¢) _ _ _ _ _ .
wherew, is the Bogoliubov dispersion relation for quasipar-
2y2 ticle excitations,
7 _ 2_ 4
Iﬁat-l— m + X gzd’ g3¢ \/hzkz , 7212 ﬁk\/; "
A RPN I & @ N om |2 om | "Ny @D
—020" =03 —lh—+ 5= +x
at - 2M Since g,<0, the sound velocitys=+/xy/m for long wave-
lengths is imaginary for small particle number densities,
X ot + (interactions, (4  namely when
n<n =@= En (12
s O3 3 0

wherey=g,#2+ g3¢*. The interaction terms include verti-

ces Wizth threey's (~gz¢ and~gs¢®), four ¥'s (~gz and  and the homogeneous matter at these densitiesn() is
~03¢°), five ¢'s (~g3¢), and sixy’s (~gs) and normal  unstable towards collapse and condensation into denser drop-
ordering is implied as well. At tree level/mean field, the par-lets. For densitiesi;<n=<n,, the pressure is negative and
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such a system tends to increase its density and binding elhee and Yang terni9—11], which was computed, however,
ergy. If the densityn>n,, the internal pressure is positive for a Bose gas with repulsive two-body interaction. The equi-
and the system tends to expand towards equlibrium and lowlibrium values for the particle number densitpoth con-
ers its energy, unless external walls exert inward pressurelensed and noncondengethe energy density, and energy
Unlike the phonons in liquidHe, the curvature of the qua- per particle after including first-order quantum corrections
siparticle excitationw, as a function of the wave vectéris  become
positive. As a result, these quasiparticles have a finite life-
time due to decay into two quasiparticles, corresponding to a 1 1 72
width I'~k® [11,16], since the velocity of a quasiparticle n= —37<1— 5
with finite wave vectok is larger than the sound velocity. al

The quantum fluctuations can now be evaluated at the
one-loop level with usual techniques. We have chosen to use
dimensional regularization for the evaluation of various di- £= 50( 1— %a) §2M0< 1— Ea> (16)
verging integrals[17]. Old fashioned techniquef9—11], 57/ n

such as diagonalization of the quadratic part of the Lagrang: - .
ian equation(4) with the a Bogoliubov transformation and surprisingly, Eqs(13) and(14) determine correctly both the

subsequent evaluation of the corrections to the ground-sta{g‘ear and the quadratic correctionsdnfor energy per par-

density and energy would lead to identical results. The par-ICIe £in. Therefore, the ﬁrst-order quantum correcti<_)r11/§ are
ticle density and the energy density at one-loop level aréontrolled by the same diluteness parameefal®=Y ~*
given by the following expressions: <1 as in the case of a Bose gas with repulsive interaction. In

spite of this formal apparent similarity, the meaning of the
a2 present result for the condensed Bose liquid wherO is
ne g2t i( mX) , 13 qualitatively different. There is strictly no low-density ex-

23/2

a), where a:—swl/zYl’z’

(19

372\ 52 pansion in the present case, since for densitiesng
=2ny/3, the system is unstable towards long-wavelength
density fluctuations as the sound velocity is imaginary, see

9 discussion of Eqs(11) and(12).
+u(n—¢%). A general argument can be given for the suppression of
(14) higher-loop corrections. Consider a generic diagram contrib-
uting to the energy densitthat is, without external legs
The first correction term to the energy dengiyd similarly  containingl propagatorsl. loops, anch; vertices withi legs.
to the number density as welis formally identical to the It can be estimated by

5/2
&

4 6 8ﬁ2 m
_ 029 n 03¢ n my
2 6  15#°m\ #?

" Ix IR AR EANE
(Energy Diagranr- % (\[mQQ) T (n) n3/2) (nz
Nm3L/2X7I+5L/2+n3+n3+n5+n6n7n3/27n473n5/272n6, (17)

whereQ~ my~ 1/(|a]Y¥?) is the typical loop momentum Consequently, up to logarithmic corrections, all higher-order
[18]. When using dimensional regularization, no powers ofloop corrections are suppressed in the dilute limit by powers
the cutoff are present and the only momentum scale in thesgf w/n|a|3=Y*1’2<1. As in the case of dilute Bose gases
diagrams is set by/my. Combining the above estimate with with repulsive interaction$9—11,14,1% this parameter is
the relations proportional to the ground-state fraction of non-BEC par-
ticles. In this respect, this new class of quantum liquids, in
particular the boselets, is qualitatively different from liquid
“He where the fraction of non-BEC particles is close to 90%.
For large Y>1, the self-bound system is dilute. The
| =ns+n,+ng+ng+L—1, (190  states with positive pressure, however, can be dense. These
states could still be dilute with respect to two-body colli-
sions, however, of such a density tHat|<gsn. In this
regime, the loop expansion breaks down and a further resum-
mation is required. The energy per particle of the system is
(Energy Diagranrm3t/2) 82+ ipl-L gy ~L/2 large and the system can exist only if external pressure is
(20 applied. It is very likely that the system undergoes a transi-

2|:3n3+4n4+5n5+6n6, (18)

we find
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tion to a coherent mixture of atoms and trimers, similar toa trimer and one energetic atom, or through a three-body
the situation put in evidence in gaseous BEC, where the coarocess with the formation of a deeper dimer and one ener-
existence of an atom_ic BEC with a molecular BEC was pregetic atom(the formation of a shallow dimer is excluded
dicted[21] and experimentally observ¢@d2]. The formation  sincea<0). The rate for the first process is proportional to
of trimers will have two effects, lowering the particle density #n4a’/m and likely very small. The formation of a deep
and lowering the energy. The spatial size of a trimer wheryimer was considered in R§23] and it was found to be of
a<0 is smaller thara|, even if the trimer binding energy is the order ofin3a%/m. This decay rate is, however, enhanced
vanishing. The wave function of an Efimov state of zeroyhen 5 three-body state is close to the threshold, where the
energy is normallgable anql the wave function is concentrategOrrect rate can be determined only through a nonperturba-
pr_efignznr:;antly at [[r_lt?erp:agmile_dlstetlr_lckrsgrj |S<'|a|' Q/r;/here tive calculation, but this is not yet attempted. This recombi-
'J=1,2,5 aré particie 1abeis in a rimgt9]. Since the av- nation rate is related to the widths of the Efimov states due to
erage separation between atoms is presumed to be larger thﬁ% existence of deep two-body bound states, which follow

th_e scattering Iength,_ when all atoms convert into trimers, th he same exponential behavior as the energies of the Efimov
trimer number density decreases roughly by a factor of tates[24]

when compared to the atomic number denglily The trimer
phase is most likely stable, provided the trimer-trimer scat- ; - ; :
tering length is positive, which is most probate,2] oms are the likely candidates, since the regime we study

; . L . here, wheng,<0 and g3>0, could apparently be easily
When a trimer is formed, a significant amount of energy 'Sreached according to R4R5]. In this particular case, three-

released as well. These two factors, the significant drop i ody recombination processes are absent.

density and energy, should be explicitly taken into accounri5 Note added in proofRecently Braaten and Hamm6]

¥yhen tivalu?t_mlg the”_energy derr]\fléy at h'?he_lr_hpart'cllfebden?j'berformed a nonperturbative calculation of three-body re-
ies, where triple collisions might dominate. The self-bound, .- e Cin dilute gases.

state we have considered is only metastable. It can decay
either by a four-particle process, leading to the formation of We thank G.F. Bertsch and D.B. Kaplan for discussions.

Note addedBoselets made of spin-polarized tritium at-
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